We consider σ deformations of the Coulomb branch of Yang-Mills theory. We find that these marginal deformations of the UV conformal fixed point induce linear confinement in the IR region for certain parts of the moduli space.
Introduction
Wilson loops can offer a way to see if the dual gauge theory exhibits confinement [1, 2] . For linearly confining gauge theories, the energy of the string obeys the area law E = cL. One can ask how the energy scale associated with confinement is changed by Lunin-Maldacena type deformations. It turns out that for the Klebanov-Strassler [7] and Maldacena-Núñez [8] backgrounds, both of which exhibit confining IR phases, c remains invariant under the γ deformations 1 . On the other hand, it has been found that the masses of the Kaluza-Klein modes on the Maldacena-Núñez background is increased by the γ deformations [9] . The above two observations suggest that these deformations decouple the KK modes and the pure gauge theory effects. Although the energy scale associated with confinement would also be enhanced under σ deformations, possibly counteracting the decoupling effect of the γ deformations, it turns out that the resulting gravity backgrounds are no longer well-defined [6, 9] . For the AdS 5 × S 5 background of type IIB theory, Wilson loop calculations indicate that the energy of a string stretched along the radial direction is E = c/L, where L is the distance between the string endpoints and the strength parameter c is proportional to g 2 Y M N [1, 2] . This is to be expected from conformal invariance of the dual four-dimensional gauge theory [3] 2 . The Lunin-Maldacena deformation of this background has the string-frame metric
where the characteristic length scale of AdS 5 is given by R 4 = 4πg 2 Y M N.S 5 is the deformation of S 5 which depends on the modulus of β = γ − τ s σ, where γ and σ are real deformation parameters and τ s is a complex structure parameter related to the gauge coupling and theta parameter of the dual gauge theory [6] . The conformal factor H is given by
where α and θ are internal coordinates ofS 5 .
The action for the Euclideanized string worldsheet is given by
For a static configuration, we can take τ = t and σ = x 1 . Also, because our configuration is static, the boundary action due to the antisymmetric tensor field vanishes does not contribute to the string action.
In order for a purely radial string to solve the equations of motion, it is required that ∂ α H = ∂ θ H = 0. For example, H = 1 + σ 2 R 4 /4 for θ = 0 and α = π/4, as well as θ = π/4 and α = π/2. Also, H = 1 + σ 2 R 4 /3 for θ = π/4 and c α = 1/ √ 3. Then
Since H is a constant, the Wilson loop calculation proceeds as in [1] with the result that the energy of the string configuration is
where L is the distance between the string endpoints. Since this deformation did not break conformal invariance, the energy goes as 1/L. However, the charges are effectively enhanced by the factor H. Notice that the γ deformations have no effect in this regard, so long as the string is oriented purely in the radial direction.
Deformations of Coulomb branch flows
The deformed Coulomb branch flow has the string-frame metric given by
where Dϕ i = dϕ i + A i ψ dψ with the connection one-forms
The various functions are given by
and
The deformation functions are
The symmetry in the x i directions allows us to choose coordinates so that the geodesic runs in the x 1 direction with x 2 = x 3 = 0. Also, since the metric is independent of ϕ i and ψ, taking them to be constant is automatically consistent with the corresponding equations of motion. With these simplifications, the string action is
where ′ denotes a derivative with respect to x 1 . A simple solution to the equations of motion is given by α = π/2, θ = π/4 and ℓ 2 = ℓ 3 . This restricts us to the case with SO(4) × SO(2) symmetry. Notice that, for a spherical distribution of D3-branes, all ℓ i are equal and H reduces to a constant. Since the action does not explicitly depend on x 1 , the solution satisfies H f r 4
where H 0 ≡ H(r 0 ), f 0 ≡ f (r 0 ) and r 0 is the minimum value of r that the string reaches. The solution is given by
where r 0 is determined by L = 2x 1 (r → ∞). The regularized energy of the string configuration
where the infinite contribution from the W-bosons has been subtracted. L and E can be written in terms of complete elliptic integrals for two separate cases [17] .
The first case is given by
This case applies when either r 2 0 ≥ ℓ 2 1 − 2ℓ 2 2 for anyσ, or else r 2 0 < ℓ 2 1 − 2ℓ 2 2 andσ 2 < r 2 0 +ℓ 2 2 ℓ 2 1 −2ℓ 2 2 −r 2 0 . For equal ℓ i , L becomes independent ofσ and reduces to that of the conformal case considered in [1] . For vanishingσ this reduces to the undeformed Coulomb branch, particular cases of which have been considered in [14] . Figures 1 and 2 are parametric plots of the distance between the quark and the antiquark L versus the quark-antiquark potential E using (3.10) for case 1. The effect of the σ deformations depends on which part of the Coulomb branch we are probing. For a uniform distribution of D3-branes on a two-dimensional disk of radius ℓ 1 (ℓ 1 = 0, ℓ 2 = ℓ 3 = 0), we find that the σ deformations enhance the attractive Coulombic force between the quark and anti-quark.
This force vanishes at asymptotically large distance. This is shown in Figure 1 for ℓ 1 = 10 andσ = 0, 1 and 2. We have set R to unity.
For a uniform distribution of D3-branes on a three-dimensional spherical shell (ℓ 1 = 0 and ℓ 2 = ℓ 3 = 0), the sigma deformations actually induce a phase transition from a Coulombic phase for small distance to a linearly confining phase as the distance becomes larger. This is shown in Figure 2 for the case of ℓ 1 = 0, ℓ 2 = ℓ 3 = 10 andσ = 1, 2 and 3. The scale of no longer any purely radial trajectories. Nevertheless, we expect to find that these modes also undergo transitions to confining phases. For nonradial trajectories, γ deformations also have an effect. Cases in which there is linear as well as logarithmic confining behavior were studied in [15] . The concavity conditions on the potential of a heavy quark-antiquark pair are given by
It can be seen directly from Figures 1 and 2 that these conditions are obeyed in all of these cases. The first condition implies that the force between the quark and anti-quark is always attractive. Although this is obvious from QCD, this is not obvious from the viewpoint of the string theory a priori.
The second case for which E and L can be written in terms of complete elliptic integrals [17] is Figure 3 : Quark-antiquark potential using (3.10) for ℓ 1 = 0, ℓ 2 = ℓ 3 = 10 andσ = 1 (black), 2 (red) and 3 (blue). R has been set to unity. For small distance, the force is Coulombic.
As the distance increases in this part of the Coulomb branch, the σ deformations induce a transition to a linearly confining phase. The scale of confinement increases with σ.
where
.
(3.14)
This case applies when r 2 0 < ℓ 2 1 − 2ℓ 2 2 andσ 2 >
. Sinceσ is nonvanishing for this case, there is no limit in which it reduces to undeformed results. We have found similar behavior as shown in Figures 1 and 2 for the various values of ℓ i and σ. The minimally-coupled massless scalar field equation for purely radial modes on the gravitational backgrounds considered in this paper is not changed by the β deformations. This seems rather odd, considering that we have just shown how the σ deformations can have a drastic effect on the behavior of radial string configurations for certain backgrounds. Note that we use the string frame to analyze the Wilson loop behavior of string configurations. On the other hand, since the scalar wave equation corresponds to gravitational perturbations, we must change to the Einstein frame. Upon doing so, the γ and σ parameters drop out of the scalar wave equation. On the other hand, scalar modes with angular dependence are affected by β deformations. This was discussed for the case of γ deformations in [15] .
Discussion

